
Math 251H Final Exam: Topic Overview

Textbook sections

1.1-3, 2.1-2.6, 2.8, 3.1-3.8, 4.1-4.2, 5.1-5.6, 6.1-6.6, 7.1-7.9, 9.1-9.4, 10.1-10.8

General theory

We started the class by discussing:

• What is a differential equation? What is an initial value problem (IVP)?

• Order of differential equations; linear vs nonlinear differential equations

First order differential equations

Theory:

For L[y] = y′+ p(t)y = g(t),

• 1st order equation: has 1 linearly independent solution, IVP requires 1 initial condition.

• Solution domains; existence & uniqueness.

Solution-free analysis of first order equations: gain insight without solving! Sketch & interpret

• Direction fields

• Phase line for autonomous equations

Solution methods:

• Separable equations (linear or nonlinear equations that are separable).

• Integrating factors (linear equations only).

• Exact equations. Note: if an equation is not exact, we can sometimes still find an integrating
factor to make it exact.

Applications:

Modeling including

• Mixing problems

• Population dynamics

You should be able to interpret word problems as linear first order ODEs.
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Second order differential equations

Theory:

For L[y] = y′′+ p(t)y′+q(t)y = g(t),

• 2nd order equation: has 2 linearly independent solutions, IVP requires 2 initial conditions.

• Linear independence and the Wronskian

• Solution domains; existence & uniqueness.

Solution methods:

For constant coefficient, L[y] = ay′′+by′+ cy = g(t)

• Homogeneous equation L[y] = 0 (g(t) = 0): y = ert , find roots r.

– r1,2 real & distinct: general solution yh =C1er1t +C2er2t

– r1 = r2 = r, repeated root: general solution yh =C1ert +C2tert

– r1,2 complex, r1,2 = α± iβ : general solution yh =C1eαt cos(β t)+C2eαt sin(β t)

• Inhomogeneous equations L[y] = g(t) (g(t) 6= 0): Require

1. Homogeneous solution yh(t), satisfies L[yh] = 0, as above

2. Particular solution yp(t) to satisfy inhomogeneity, L[yp] = g

3. Then the general solution is y(t) = yh(t)+ yp(t)

Get particular solution yp(t) using

– Method of undetermined coefficients

– Variation of parameters

Note: given a single solution y1(t) of the homogeneous equation L[y] = 0, you can use reduction
of order to get a second, linearly independent solution.
For variable coefficient equations, L[y] = y′′+ p(t)y′+q(t)y = g(t), you can still:

• Use reduction of order to get a second, linearly independent solution, if you are given a
single solution y1(t) of the homogeneous equation.

• Use variation of parameters to find a particular solution, if you are given the two, linearly
independent solutions to the homogeneous equation, y1 and y2.
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Applications:

Mechanical and electrical vibrations, including:

• Spring-mass systems mx′′+bx′+ cx = g(t), where x(t) is displacement from equilibrium

• LCR circuits LQ′′+RQ′+Q/C = E(t), where Q(t) is the charge.

You should be able to interpret word problems as linear second order ODEs, interpret results in the
context of these physical systems, sketch solutions, and interpret/identify sketches of solution.
In the context of these physical systems, we talked about:

• Underdamped, critically damped, and overdamped systems (homogeneous part)

• Natural vs quasi-frequency (homogeneous part)

• Resonance (when g(t), E(t)= Acos(β t)): forcing frequency β matches natural frequency ω .

• Beats (when g(t), E(t)= Acos(β t))

Higher order differential equations

Theory:

For L[y] = y(n)+ p1(t)y(n−1)+ p2(t)y(n−2)+ · · ·+ pn−1(t)y′+ pn(t)y = g(t),

• nthorder ODE: homogeneous eq. has n linearly independent solutions, IVP requires n initial
conditions.

• Linear independence and the Wronskian

• Solution domains; existence & uniqueness.

Solution methods:

For constant coefficient, L[y] = y(n)+a1y(n−1)+a2y(n−2)+ · · ·+an−1y′+any = 0

• Homogeneous equation L[y] = 0 (g(t) = 0): y = ert , find roots r. See second order solution
methods.

• Inhomogeneous equations L[y] = g(t) (g(t) 6= 0): Outside scope of exam.

For variable coefficient equations, L[y] = y(n)+ p1(t)y(n−1)+ · · ·+ pn−1(t)y′+ pny = g(t):
Outside scope of exam.

Applications:

Did not discuss applications.
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Laplace transforms

Recall: you will be provided with a table of Laplace transforms on the exam (see last page).

Definition:

The Laplace transform of a function f (t) is

L { f (t)}=
ˆ

∞

0
f (t)e−st dt,

which we often denote as F(s). The transform exists if f (t) is

• piecewise continuous

• of exponential order, i.e. | f (t)| ≤ Aect for t > T.

Initial value problems:

Solve initial value problems of the form

ay(n)+by(n−1)+ ...+ cy′+dy = f (t)

or with coefficients involving polynomials in t, e.g. t2y′′+ y′+ ty = 0.
How? Take Laplace transform of both sides, solve for Y (s) = L {y(t)} (may have to solve an
ODE!), invert the transform.
To invert, use the table, partial fraction decompositions, convolution...

Special functions:

Unit step function

uc(t) =

{
0, 0≤ t < c
1, t ≥ c

L { f (t− c)uc(t)}= e−csF(s) where L { f (t)}= F(s).

Delta function

δ (t− c) = lim
τ→0


0, t < c− τ

1/(2τ), c− τ ≤ t < c+ τ

0, t ≥ c+ τ

L {δ (t− c)}= e−cs

Convolution integrals

f ∗g =

ˆ t

0
f (t− τ)g(τ)dτ =

ˆ t

0
f (τ)g(t− τ)dτ
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L { f ∗g}= F(s)G(s) where L { f (t)}= F(s), L {g(t)}= G(s).

Note: we can also use Laplace transforms to solve integral equations and integro-differential
equations, for example,

dy
dt
−3y =

ˆ t

0
f (t− τ)y(τ)dτ, y(0) = 0

since
´ t

0 f (t− τ)y(τ)dτ = f ∗ y!

Linear systems

Systems of the form
d~x
dt

= A~x+~f ,

with theory for n×n systems, practical calculations for 2×2 systems.

Homogeneous systems

Of the form
d~x
dt

= A~x

Solve via substitution ~x = ~ξ ert to give A~ξ = r~ξ : r are the eigenvalues of A with corresponding
eigenvectors ~ξ .
Critical point is~x =~0. What is the stability of the critical point?
Visualize using phase portraits and solution trajectories. Know how to draw these!

2×2 systems: eigenvalues r1, r2 real and distinct

Fundamental solution set is
{
~ξ1er1t , ~ξ2er2t

}
.

General solution is~x =C1er1t~ξ1 +C2er2t~ξ2.

Stability of critical point:

• r1,r2 < 0: asymptotically stable, improper, critical point (or node).

• r1,r2 > 0: unstable, improper, critical point (or node).

• r1 < 0, r2 > 0 (or vice-versa): unstable, saddle point (or node).
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2×2 systems: eigenvalues complex, of the form r1,2 = λ ± iµ

Corresponding eigenvectors ~ξ1,2 =~a± i~b.

Fundamental solution set is
{
~ξ1er1t , ~ξ2er2t

}
but can be re-written more usefully as the real-valued{

eλ t cos(µt)~a− eλ t sin(µt)~b, eλ t sin(µt)~a+ eλ t cos(µt)~b
}

General solution is~x =C1

(
eλ t cos(µt)~a− eλ t sin(µt)~b

)
+C2

(
eλ t sin(µt)~a+ eλ t cos(µt)~b

)
.

Stability of critical point:

• λ < 0: asymptotically stable spiral point (or node) (trajectories of x, y show damped oscilla-
tions).

• λ > 0: unstable spiral point (or node) (trajectories of x, y show growing oscillations).

• λ = 0: stable center (trajectories of x, y show undamped oscillations).

2×2 systems: eigenvalues repeated, r1 = r2 = r

Case 1: r is associated with two linearly independent eigenvectors ~ξ1 and ~ξ1

Fundamental solution set is
{
~ξ1ert , ~ξ2ert

}
.

General solution is~x =C1ert~ξ1 +C2ert~ξ2.

Stability of critical point:

• r < 0: stable proper node.

• r > 0: unstable proper node.

Case 2: r is associated with only one linearly independent eigenvector ~ξ

Fundamental solution set is
{
~ξ ert ,

(
~ξ t +~η

)
ert
}

where~η is the generalized eigenvector (solution

of (A− rI)~η = ~ξ ).

General solution is~x =C1ert~ξ +C2ert
(
~ξ t +~η

)
.

Stability of critical point:

• r < 0: stable improper node.

• r > 0: unstable improper node.
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Nonlinear systems

Systems of the form~x′(t) = ~f (~ )x or if~x =
(

x
y

)
,

dx
dt

= f (x,y)

dy
dt

= g(x,y)

Critical (aka equilibrium) points (xc,yc) are the solutions of f (x,y) = g(x,y) = 0. There can be
multiple critical points.
If the system is autonomous, exact solution trajectories in phase plane can be found by solving

dy
dx

=
g(x,y)
f (x,y)

.

Local stability of critical points: see linear systems!

Use the eigenvalues of the Jacobian

J =

(
fx(xc,yc) fy(xc,yc)
gx(xc,yc) gy(xc,yc)

)
to determine the nature and stability of critical points. Comes from the linearized system: near the
critical point (xc,yc),

d
dt

(
x− xc
y− yc

)
≈ J

(
x− xc
y− yc

)
.

If the eigenvalues of J, r1 & r2, are real and distinct, (xc,yc) can be

• r1,r2 < 0: asymptotically stable, improper, critical point (nodal sink).

• r1,r2 > 0: unstable, improper, critical point (nodal source).

• r1 < 0, r2 > 0 (or vice-versa): unstable, saddle point (saddle node).

If the eigenvalues of J are complex, r = λ ± iµ , (xc,yc) can be

• λ < 0: asymptotically stable spiral point (or node)

• λ > 0: unstable spiral point (or node)

• λ = 0: stable center (stable but not asymptotically stable)

If the eigenvalues of J are repeated, r, (xc,yc) can be

• r < 0: stable improper node.
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• r > 0: unstable improper node.

except for the case where J has two lin. indep. eigenvectors associated with r, in which case
(xc,yc) can be

• r < 0: stable proper node.

• r > 0: unstable proper node.

Putting it all together: the phase portrait

Put down the critical points and their local linear behavior, nullclines (lines where dx/dt = 0 or
dy/dt = 0) to infer the full phase portrait including the basins of attraction of the stable critical
points (see predator prey example). Lines separating the basins of attraction are called separatri-
ces.

Partial Differential Equations and Fourier Series

Two-point boundary value problems

ODEs with boundary values instead of initial conditions. We focused on second order linear
ODEs. For example,

d2y
dx2 + p(x)

dy
dx

+q(x)y = g(x), y(α) = y0, y(β ) = y1.

Eigenvalue problems are our most important example of two-point value problems. For example,

y′′+λy = 0, y(0) = 0, y(π) = 0.

• Note the homogeneous (i.e. zero) boundary conditions.

• Eigenvalues are the values of λ for which the solution y of the eigenvalue problem are
non-trivial (i.e. non-zero; y ≡ 0). The corresponding non-trivial solution y is called the
eigenfunction.

Fourier Series and Convergence

For the function f (x) a piecewise continuous function on the interval −L ≤ x ≤ L, the Fourier
series is

f (x) =
a0

2
+

∞

∑
n=1

an cos
(nπx

L

)
+

∞

∑
n=1

bn sin
(nπx

L

)
.

To get constants an, bn exploit orthogonality of sines & cosines.

an =
1
L

ˆ L

−L
f (x)cos

(nπx
L

)
dx and bn =

1
L

ˆ L

−L
f (x)sin

(nπx
L

)
dx.

Fourier series converge to f (x) for values of x where f is continuous, and to the average value
( f (x+)+ f (x−))/2 for values of x where f has piecewise discontinuities. At the piecewise discon-
tinuities, convergence to the average value causes overshoots known as Gibbs Phenomenon.
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Odd & Even Functions: Fourier Sine & Cosine Series

• f (−x) = f (x) for all x in a domain: function is EVEN.

• f (−x) =− f (x) for all x in a domain: function is ODD.

• functions may be neither even nor odd.

Consider the function f (x) over a finite domain, 0 < x < L.
Even periodic extension of f (x) can be written as a Fourier cosine series,

f (x) =
a0

2
+

∞

∑
n=1

an cos(µnx) where an =
2
L

ˆ L

0
f (x)cos(µnx)dx.

Odd periodic extension of f (x) can be written as a Fourier sine series,

f (x) =
∞

∑
n=1

bn sin(µnx) where bn =
2
L

ˆ L

0
f (x)sin(µnx)dx.

Know how to sketch even and odd extensions.

Separation of Variables

Assume first that there exists a solution that can be written with the variables separated, for exam-
ple, u(x, t) = X(x)T (t).

• Substituting u(x, t) = X(x)T (t) into the partial differential equation and then imposing the
boundary conditions leads to the problem of finding the eigenvalues and eigenfunctions for
a boundary value problem for an ordinary differential equation.

• Solving for the eigenvalues and eigenfunctions, one eventually obtains solutions un(x, t) =
Xn(x)Tn(t), n = 1,2,3, ... that solve the partial differential equation and the boundary condi-
tions. Individually un(x, t) are the Fundamental solutions, and the set of all fundamental
solutions is the Fundamental solution set.

• Taking infinite linear combinations of the un(x, t) yields solutions to the partial differential
equation and boundary conditions of the form

u(x, t) =
∞

∑
n=1

cnun(x, t).

This is the General solution.

• The coefficients cn are then obtained using the initial conditions or some other boundary
conditions.
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Solving PDEs using Separation of Variables and Fourier Series

• Interpret word problems into initial-boundary value problems (heat, wave) or boundary value
problems (Laplace).

• Solve via separation of variables and interpret solutions in physical context.

• Heat equation, ut = α2uxx – specific details:

– Two boundary conditions, one initial condition. Physically, boundary conditions in-
cludes endpoints that are held at a certain temperature u(L, t)=A, or insulated, ux(L, t)=0,
etc.

– The steady-state solution is the temperature at position x as t→ ∞.

– How to handle inhomogeneous boundary conditions? Let u(x, t) = v(x)+w(x, t) where
v(x) uses those inhomogeneous boundary conditions. v(x) turns out to be the steady
state solution.

– Be careful deriving the resulting initial-boundary value problem for w(x, t)! Will have
homogeneous boundary conditions and a new initial condition, w(x,0) = u(x,0)−v(x).

• Laplace equation in a rectangle, uxx +uyy = 0 – details.

– Four boundary conditions, two in x and two in y.

– Need three homogeneous boundary conditions and one inhomogeneous to solve.

– If you have more than one inhomogeneous boundary conditions: Let u(x, t) = u1(x, t)+
u2(x, t) + ... (two parts for two inhomogeneous boundary conditions, three for three
inhomogeneous boundary conditions, etc.). Then set up the boundary value problems
in u j with three homogeneous boundary conditions and one of the inhomogeneous
boundary conditions.

• Laplace equation inside or outside a disc of radius a, urr +
1
r ur +

1
r2 uθθ = 0 – details.

– One explicit boundary condition: u(a,θ) = f (θ), f (θ) 2π periodic in θ .

– Other conditions are implicit. u(r,θ) must be 2π periodic in θ . u(r,θ) must be bounded
in the region of interest, i.e., |u(r,θ)|< ∞.

• 1-D Wave equation on a finite domain, utt = c2uxx, 0 < x < L – details.

– c2 = T/ρ where T is the tension in the string ρ the density per unit length.

– Two boundary conditions, at either end of the string.

– Two initial conditions: u(x,0) = initial position, ut(x,0) = initial velocity.

– Natural frequencies: frequencies of vibration.
Natural mode: displacement pattern in the string when it is executing vibrations of the
given frequency.
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Wavelength of natural mode: length of one period of natural mode.
For a string of length L, c = 1, ut(x,0) = 0,

u(x, t) =
∞

∑
n=1

cn sin
(nπx

L

)
cos
(cnπt

L

)
has natural frequencies cnπ/L and corresponding natural modes sin(nπx/L) with wave-
length 2L/n.

– Solution is a sum of standing waves.

• Types of boundary conditions:

– Dirichlet: condition on solution at boundary

– Neumann: Condition on normal derivatives of solution at boundary. In 1D, condition
on ux at boundary.

– Mixed

• 1-D Wave equation on an infinite domain, utt = c2uxx, −∞ < x < ∞ – details.

– Solution using d’Alembert’s formula

Series solutions of ODEs

For L[y] = y′′+ p(x)y′+q(x)y = g(x)

• Distinguish ordinary points, where p(x) and q(x) are analytic, from singular points, where
p(x) and q(x) are singular.

• For singular points: distinguish regular singular points from irregular singular points. A
singular point x0 is regular if:

lim
x→x0

(x− x0)p(x)< ∞ and lim
x→x0

(x− x0)
2q(x)< ∞

Series solution about ordinary points

Expansion about ordinary point x0:

y(x) =
∞

∑
n=0

an(x− x0)
n

We often took x0 = 0. Find the recurrence relation for an and recover two series solutions, y1(x)
and y2(x). Then y(x) =C1y1(x)+C2y2(x).
Usually we found the first few terms of each series. In some special cases we were able to work
out the general term.
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Series solution about regular singular points: Euler equations

Need to know how to recognize Euler equations, of the form

x2y′′+axy′+by = 0.

To solve: let y(x) = xr and plug in, recover characteristic equation r(r− 1) + ar + b = 0, find
the roots in r. Call these roots r1 and r2, so the general solution is y(x) = C1xr1 +C2xr2 if r1,
r2 are real and distinct, y(x) = C1xr +C2xr ln(x) if r1 = r2 = r, and y(x) = C1xλ cos(µ ln(x))+
C2xλ sin(µ ln(x)) if r1,2 = λ ± iµ.

Series solution about regular singular points: solving

Expansion about regular singular point x0:

y(x) =
∞

∑
n=0

an(x− x0)
n+r

We often took x0 = 0. The exponents of the singularity r are given by the roots of the INDICIAL
EQUATION

r(r−1)+ p0r+q0 = 0,

where
p0 = lim

x→x0
(x− x0)p(x) and q0 = lim

x→x0
(x− x0)

2q(x)

Recover two roots: r1 and r2.
If r1− r2 is not zero or an integer:
Proceed as normal. Let

y1(x) =
∞

∑
n=0

an(x− x0)
n+r1 and y2(x) =

∞

∑
n=0

an(x− x0)
n+r2.

For each of y1(x) and y2(x), plug into the ODE, find the recurrence relation for an, and compute
the first few term of the series (in some special cases can find the general term). Then y(x) =
C1y1(x)+C2y2(x).
If r1− r2 = 0:
Let r1 = r2 = r. Find the solution for r as usual, let

y1(x) =
∞

∑
n=0

an(x− x0)
n+r1,

plug into the ODE, find the recurrence relation for an, and compute the first few term of the
series.
To compute the second solution y2(x), either use reduction of order or let

y2(x) = y1(x) lnx+
∞

∑
n=0

bn(x− x0)
n+r1,
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plug into the ODE, find the recurrence relation for bn, and compute the first few term of the
series.
If r1− r2 = N, an integer:
Take r1 as the bigger root. Find the solution for the larger root r1 as usual, let

y1(x) =
∞

∑
n=0

an(x− x0)
n+r1,

plug into the ODE, find the recurrence relation for an, and compute the first few term of the
series.
To compute the second solution y2(x), let

y2(x) = ay1(x) lnx+
∞

∑
n=0

cn(x− x0)
n+r1,

plug into the ODE, find a (often zero!) find the recurrence relation for cn, and compute the first
few term of the series.

Keywords and concepts of note:

• Radius of Convergence, Interval of Convergence

• Recurrence Relation

• Ordinary Point vs Singular Point

• Regular vs Irregular Singular Points

• Euler Equation

• Indicial Equation

• Exponents of Singularity
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