
Independent Study Unit
Problem Set 3

due Sept 29, 2017

1. For the initial value problem y′− xy = x, y(0) = 1,

(a) Write down the first four nonzero terms of the series solution centered at x = 0. Do not evaluate:
you already did this in Problem Set 2! You can check the solutions online to make sure you got it
right.

(b) Solve the IVP directly using methods we learned in class.

(c) Compute the first four nonzero terms of the Taylor series of the solution, centered at x = 0.

(d) Are the answers of (a) and (c) the same? Why or why not?

2. For the initial value problem y′′+4y = 0, y(0) = 1, y′(0) = 0,

(a) Write down the first four nonzero terms of the series solution centered at x = 0. Do not evaluate:
you already did this in Problem Set 2! You can check the solutions online to make sure you got it
right.

(b) Solve the IVP directly using methods we learned in class.

(c) On the same graph, plot the solution from (b) along with your series expansion with 1, 2, 3, 4 terms
(5 curves total) for 0≤ x≤ π/2. Be sure to label your axes and curves.

(d) What do you observe as you include more terms from your series solution? What can you say
about the error?

3. Variable Resistor. The charge q on the capacitor in a simple LCR circuit is governed by the equation

Lq′′(t)+Rq′(t)+
1
C

q(t) = E(t)

where L is the inductance, R the resistance, C the capacitance, and E the voltage source. Since the
resistance of a resistor increases with temperature, let’s assume that the resistor is heated so that the
resistance at time t is R(t) = 1+ t/10 Ω. If L = 0.1 H, C = 2 F, E(t) ≡ 0, q(0) = 10 C, and q′(0) = 0
A, find at least the first four nonzero terms in a power series expansion about t = 0 for the charge on the
capacitor.

4. Variable Spring Constant. As a spring is heated, its spring “constant” decreases. Suppose the spring
is heated so that the spring “constant” at time t is k(t) = 6 N/m. If the unforced mass-spring system has
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mass m = 2 kg and a damping constant b = 1 N-sec/m with initial conditions x(0) = 3 m and x′(0) = 0
m/sec, then the displacement x(t) is governed by the initial value problem

2x′′(t)+ x′(t)+(6− t)x(t) = 0
x(0) = 3
x′(0) = 0

Find at least the first four nonzero terms in a power series expansion about t = 0 for the displacement.

5. Aging Spring. As a spring ages, its spring “constant” decreases in value. One such model for a
mass-spring system with an aging spring is

mx′′(t)+bx′(t)+ ke−ηtx(t) = 0,

where m is the mass, b the damping constant, k and η positive constants, and x(t) the displacement of
the spring from its equilibrium position. Let m = 1 kg, b = 2 N-sec/m, k = 1 N/m, and η = 1 (sec)−1.
The system is set in motion by displacing the mass 1 m from its equilibrium position and then releasing
it (x(0) = 1, x′(0) = 0). Find at least the first four nonzero terms in a power series expansion about t = 0
for the displacement.

6. Aging Spring without Damping. In the mass-spring system for an aging spring discussed in Problem
5, assume that there is no damping (i.e., b = 0), m = 1, and k = 1. To see the effect of aging, consider η

as a positive parameter.

(a) Redo Problem 5 with b = 0 and η arbitrary but fixed.

(b) Set η = 0 in the expansion obtained in part (a). Does this expansion agree with the expansion for
the solution to the problem with η = 0? Hint: When η = 0, the solution is x = cos(t).


