
(a) Formulate a system of differential equations and initial conditions for the oil thickness
in the first three cells. Take S � 50 gallons/min, which was roughly the spillage rate for
the Mississippi River incident, and take w � 200 ft, d � 25 ft, and v � 1 mi/hr (which
are reasonable estimates for the Mississippi River†). Take L � 1000 ft. 

(b) Solve for [Caution: Make sure your units are consistent.]
(c) If the spillage lasts for T seconds, what is the maximum oil layer thickness in cell 1?
(d) Solve for What is the maximum oil layer thickness in cell 2?
(e) Probably the least tenable simplification in this analysis lies in regarding the layer

thickness as uniform over distances of length L. Reevaluate your answer to part (c) with
L reduced to 500 ft. By what fraction does the answer change?

s2 AtB.
s1 AtB.
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Figure 2.13 Lung ventilation pressures
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Courtesy of Philip Crooke, Vanderbilt University

In medicine, mechanical ventilation is a procedure that assists or replaces spontaneous breath-
ing for critically ill patients, using a medical device called a ventilator. Some people attribute the
first mechanical ventilation to Andreas Vesalius in 1555. Negative pressure ventilators (iron
lungs) came into use in the 1940s–1950s in response to poliomyelitis (polio) epidemics. Philip
Drinker and Louis Shaw are credited with its invention. Modern ventilators use positive pressure
to inflate the lungs of the patient. In the ICU (intensive care unit), common indications for the ini-
tiation of mechanical ventilation are acute respiratory failure, acute exacerbation of chronic
obstructive pulmonary disease, coma, and neuromuscular disorders. The goals of mechanical
ventilation are to provide oxygen to the lungs and to remove carbon dioxide.

In this project, we model the mechanical process performed by the ventilator. We make the
following assumptions about this process of filling the lungs with air and then letting them deflate
to some rest volume (see Figure 2.13).

(i) The length (in seconds) of each breath is fixed (ttot ) and is set by the clinician, with
each breath being identical to the previous breath.

(ii) Each breath is divided into two parts: inspiration (air flowing into the patient) and
expiration (air flowing out of the patient). We assume that inspiration takes place over
the interval [0, ti] and expiration over the time interval [ti, ttot]. The time ti is called the
inspiratory time.

†http://www.nps.gov/miss/riverfacts.htm

http://www.nps.gov/miss/riverfacts.htm


(iii) During inspiration the ventilator applies a constant pressure Papp to the patient’s air-
way, and during expiration this pressure is zero, relative to atmospheric pressure. This
is called pressure-controlled ventilation.

(iv) We assume that the pulmonary system (lung) is modeled by a single compartment.
Hence, the action of the ventilator is similar to inflating a balloon and then releasing
the pressure.

(v) At the airway there is a pressure balance:

(1)

where denotes pressure losses due to resistance to flow into and out of the lung, is
the elastic pressure due to changes in volume of the lung, is a residual pressure that
remains in the lung at the completion of a breath, and denotes the pressure applied to
the airway. ( during inspiration and during expiration.) The residual
pressure is called the end-expiratory pressure.

(vi) Let denote the volume of the lung at time t, with denoting its
volume during inspiration and its volume during expiration. We
assume that The number is called the tidal volume of
the breath.

(vii) We assume that the resistive pressure is proportional to the flows into and out of the
lung such that , and we assume that the proportionality constant R is
the same for inspiration and expiration.

(viii) Furthermore, we assume that the elastic pressure is proportional to the instantaneous
volume of the lung. That is, where the constant C is called the compliance
of the lung.

Using the pressure equation in (1) together with the above assumptions, a mathematical
model for the instantaneous volume in the single compartment lung is given by the following pair
of first-order linear differential equations:

(2)

(3)

The initial conditions, as indicated in assumption (vi), are and .
The constant is not known a priori but is determined from the end condition on the expiratory
volume: . This will make each breath identical to the previous breath. To obtain a for-
mula for , complete the following steps.

(a) Solve equation (2) for with the initial condition 

(b) Solve equation (3) for with the initial condition .

(c) Using the fact that , show that

(d) For R � 10 cm (H2O)/L/sec, C � 0.02 L/cm (H2O), Papp � 20 cm (H2O), ti � 1 sec and
ttot � 3 sec, plot the graphs of Vi (t) and Ve(t) over the interval [0, ttot]. Compute Pex for

Pex �
(eti /RC � 1) Papp

ettot /RC � 1
 .

Vi 
(ti) � VT

Ve 
(ti) � VTVe (t)

Vi 
(0) � 0.Vi (t)

Pex

Ve (ttot) � 0
Pex

Ve 
(ti) � Vi (ti) � VTVi 

(0) � 0

R adVe

dt
b � a1

C
bVe � Pex � 0 ,  ti � t � ttot .

R adVi

dt
b � a1

C
bVi � Pex � Papp ,  0 � t � ti ,

Pe � (1/C)V,

Pr � R(dV /dt )
Pr

Vi AtiB � VTVi 
A0B � Ve AttotB � 0.

Ve 
AtB, ti � t � ttot 

,
Vi 
AtB, 0 � t � ti 

,V AtB Pex

Paw � 0Paw � Papp

Paw

Pex

PePr

Pr � Pe � Pex � Paw ,
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these parameters.
(e) The mean alveolar pressure is the average pressure in the lung during inspiration and is

given by the formula

.

Compute this quantity using your expression for Vi(t) in part (a).

Torricelli’s Law of Fluid Flow
Courtesy of Randall K. Campbell-Wright

How long does it take for water to drain through a hole in the bottom of a tank? Consider the tank
pictured in Figure 2.14, which drains through a small, round hole. Torricelli’s law† states that
when the surface of the water is at a height h, the water drains with the velocity it would have if it
fell freely from a height h (ignoring various forms of friction).

(a) Show that the standard gravity differential equation

leads to the conclusion that an object that falls from a height will land with a velocity 

of 
(b) Let A(h) be the cross-sectional area of the water in the tank at height h and a the area of

the drain hole. The rate at which water is flowing out of the tank at time t can be
expressed as the cross-sectional area at height h times the rate at which the height of the
water is changing. Alternatively, the rate at which water flows out of the hole can be
expressed as the area of the hole times the velocity of the draining water. Set these two
equal to each other and insert Torricelli’s law to derive the differential equation

(4)

(c) The conical tank of Figure 2.14 has a radius of 30 cm when it is filled to an initial depth
of 50 cm. A small round hole at the bottom has a diameter of 1 cm. Determine and
a and then solve the differential equation in (4), thus deriving a formula relating time
and the height of the water in this tank.

A AhB
A AhB  dh

dt
� �a22gh  .

�22gh A0B. h A0B
d2h

dt2 � �g

Pm �
1
ti

 �
ti

0
aVi (t)

C
b  dt � Pex .
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Figure 2.14 Conical tank

A(h)

a

50 cm

30 cm

h

†Historical Footnote: Evangelista Torricelli (1608–1647) invented the barometer and worked on computing the value
of the acceleration of gravity as well as observing this principle of fluid flow.


