
A Dynamics of HIV Infection
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The dynamics of HIV (human immunodeficiency virus) infection within a human host involve
the interaction of the HIV virions and CD4� T lymphocytes. CD4� T lymphocytes are long-
lived white blood cells that play a major role in the defense of the human body against microbial
invaders. HIV targets these very cells. When HIV first appeared as a new and major health threat,
it was recognized that the disease typically exhibited a lengthy gradual progression lasting 10 or
more years. It was widely believed that the dynamics of HIV destruction of CD4� T-cell popula-
tion involved a very low rate of infection and a very slow turnover of virus and infected cells. In
1995 differential equation models of HIV-CD4� T-cell interaction revealed that the turnover rate
for the infected CD4� T cells was very much faster than this (about 2 days)—a scientific break-
through reported simultaneously in the papers of D. D. Ho et al., “Rapid Turnover of Plasma Viri-
ons and CD4 Lymphocytes in HIV-1 Infection,” Nature 1995; and of G. M. Shaw et al., “Viral
Dynamics in Human Immunodeficiency Virus Type I Infection,” Nature 1995.

Underlying the models in these papers is the knowledge that within a person infected with
HIV, the virus spends part of its existence free and part inside an infected CD4� T cell. The time
spent free was known to be very short—on the order of 30 minutes. The time spent inside an
invaded CD4� T cell was believed to be very long—on the order of years. When a cell was
invaded, a virion (a complete viral particle, consisting of RNA surrounded by a protein shell)
took over the cell’s DNA and used it to replicate its own RNA, thereby creating new virions; then
it budded, or burst the cell, to release multiple virus particles.

The differential equations of the model are similar to those for compartmental analysis dis-
cussed in Section 3.2. They involve compartments and parameters. The compartments of the
model are

the population of uninfected CD4� T cells at time t .

the population of infected CD4� T cells at time t .

the population of virus at time t .
The parameters (followed by their units) of the model are

constant input source of uninfected cells per day (the human body
produces these cells daily in the thymus) .

normal loss rate constant of uninfected cells the average lifespan of
an uninfected cell in days .

infection rate constant of uninfected cells per infected cell the
rate is of mass action form, i.e.,

loss rate constant of infected cells the average lifespan of an
infected cell in days .

loss rate constant of free virus the average lifespan of a free virion
in days .

number of virions produced per day per infected cell (the burst
number of an infected cell) .
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The independent variable of the model is time t in days and the dependent variables of the
model are The equations are as follows (see Figure 3.16).

� � �

Time change
Source Normal loss Infection rate

� �

Time change
Gain from infection Loss rate

� �

Time change
Viral production Decay rate

As mentioned above, the average lifespan of a free virion, , is approximately 30 minutes,
which means . On the other hand, it was thought that , the average length of
time an infected CD4� T cell lasts before bursting to produce new virions, should be several
years, implying that must be quite small on the order of However, when drugs to
treat HIV infection first became available in the mid-1990s, researchers were able to deduce a
surprisingly different value from patient data and the differential equation models. By completing
the following steps, you will be able to determine a better approximation to in the manner
utilized by Ho et al.

To incorporate the effect of treatment in the differential equations model, set that is,
assume the action of the drug completely inhibits the infection process. This is a reasonable
approximation and it simplifies the analysis.

(a) With the assumption of treatment, what are the reduced forms of the differential equa-
tions for ?

(b) Solve these reduced equations for , with the initial conditions

(c) Argue from your formula for , that the graph of on a log scale (i.e., the graph of
log V) over an extended period of time (say, several weeks) will tend toward a graph of
a straight line whose slope is either (the negative reciprocal of the average lifespan
of a free virus) or (the negative reciprocal of the average lifespan of an infected
CD4� T cell), according to whether or is smaller.mg
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Figure 3.16 Compartmental views of virus, uninfected T cells, and infected T cells
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(d) For patients who undergo therapy, it is possible to measure the viral load V and to deter-
mine the rate at which their viral load declines. In Ho et al., the data in Figure 3.17
were presented for the decrease (on a logarithmic scale) in viral loads of three patients.
Using these data and part (c), explain why it follows that must be the approximate
slope of the nearly linear curve for log V and thereby deduce the revised estimate for
the average time an infected cell lasts between being invaded and bursting.

(e) Check out the recent literature of mathematical models of HIV dynamics in infected
hosts (try a Google Scholar search) and find out how the estimate of the lifespan of
infected CD4� T cells has been improved using more refined ordinary differential
equation models. (Other models have been used to estimate the lifespan of the free
virus. Also, models have been developed to track the long-term effects of patients
undergoing therapy, optimal ways to schedule treatment, and the problems that arise
when drug resistance develops.)

The dynamics of HIV-1 replication in patients receiving anti-retroviral therapy is a subject of contin-
uing investigation and mathematical modeling. It is well known that therapy does not eliminate the
virus in patients, and it is necessary to continue treatment indefinitely. The reasons are complex and
connected to the presence of viral reservoirs, which allow the virus population to restore if treatment
is discontinued. Further investigations of this subject may be found in the following references:

Quantifying residual HIV-1 replication in patients receiving combination anti-retroviral ther-
apy. Zhang LQ, Ramratnam B, Tenner-Racz K, He YX, Vesanen M, Lewin S, Talal A, Racz P,
Perelson AS, Korber BT, Markowitz M, and Ho DD. New England Journal of Medicine
340:1605–1613, 1999.

The decay of the latent reservoir of replication-competent HIV-1 is inversely correlated with the
extent of residual viral replication during prolonged anti-retroviral therapy. Ramratnam B, Mittler JE,
Zhang LQ, Boden D, Hurley A, Fang F, Macken CA, Perelson AS, Markowitz M, and Ho DD.
Nature Medicine 6:82–85, 2000.
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Figure 3.17 Viral load decrease in three HIV patients
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